A new derivation and interpretation of the semigeostrophic (SG) material invariant in the theory of geophysical flows is introduced. First, a generalized three-dimensional equation of the SG dynamics is established and the generalized equations for the rate of change of vorticity and for the rate of change of the velocity gradient cofactor tensor are obtained. Next, a conservation equation for the vorticity-velocity gradient cofactor tensor (denoted ⌶ ) is derived. The specific potential ⌶ , that is, ⌶ in the reference configuration per unit of mass, is defined and an expression for its rate of change is obtained. The SG invariant is interpreted as the vertical component of the specific potential ⌶ . Under the SG assumptions (advection of the geostrophic velocity, hydrostatic, and f-plane approximations) this vertical component is materially conserved in the SG flow. The generalized SG invariant (i.e., the specific potential ⌶ ) differs conceptually from the Beltrami-Rossby-Ertel specific potential vorticity. Its conservation in the SG flow seems to be highly dependent on the SG assumptions, especially on the f-plane approximation and on the horizontal nature of the geostrophic velocity.
Introduction
In the semigeostrophic (SG) theory of geophysical flows (Eliassen 1949; Fjortoft 1962; Hoskins 1975; Hoskins and Draghici 1977 ) the horizontal acceleration relative to the rotating frame is replaced by the rate of change of the horizontal geostrophic velocity. Under the hydrostatic and f-plane approximations the SG flow has a scalar material invariant (Hoskins 1975) commonly referred to as the SG potential vorticity (PV). The name SG PV was chosen due to its similarity to Rossby-Ertel PV (Rossby 1940; Ertel 1942; Schröder 1991) , also known as Beltrami's material vorticity (Beltrami 1871; Casey and Naghdi 1991; Viúdez 2001) . Recently Bridges et al. (2005) provided, in the language of differential forms (coordinate free), the relationship between the SG PV and the symplectic form of the Hamiltonian system for the SG shallow-water dynamics. Also recently, Ehrendorfer (2004) achieved a new vector derivation of the SG invariant that depends on the SG assumptions, that is, using the geostrophic velocity and adopting the hydrostatic and f-plane approximations. However, the precise mathematical meaning of the SG invariant seems to remain unclear, in part because a generalized (independent of the SG assumptions) and coordinate-independent derivation and interpretation is apparently missing. The aim of this work is to provide such a generalized derivation and interpretation of the SG invariant.
First, a generalized three-dimensional equation of the SG dynamics is introduced and the equations for the rate of change of vorticity and for the rate of change of the velocity gradient cofactor tensor are derived (section 2a). Secondly, an equation for the rate of change of the vorticity-velocity gradient cofactor tensor (denoted ⌶ ) is obtained. The specific potential ⌶ , that is, ⌶ in the reference configuration per unit of mass, is defined and an expression for its rate of change is derived (section 2b). Section 2c shows that the SG invariant is the vertical component of the specific potential ⌶ , and that this vertical component is conserved in the SG flow under the SG assumptions. Finally, section 3 provides useful mathematical identities and alternative derivations of the main equations given in section 2, and addresses the role of the geostrophic coordinates in the derivation of the SG invariant.
The generalized SG invariant

a. Basic equations
First, we consider the following generalized threedimensional equation of the SG dynamics:
The material rate of change of any quantity in the SG flow is expressed as d/dt ϭ ϭ ‫‪t‬ץ/ץ‬ ϩ u · ٌ, where u ϭ (u, , w) is the SG velocity and ١ is the threedimensional gradient operator. Components of vectors always refer here to a Cartesian coordinate system. The physical meaning of the vector ũ ϭ (ũ , , w ), having physical dimensions of velocity, is, at this stage, left arbitrary. In the SG theory the horizontal vector ũ h is the geostrophic velocity u g h , defined as a rotation of the horizontal pressure (geopotential) gradient. This geostrophic definition will be adopted later in section 2c.
The planetary vorticity
, with ⍀ the planetary angular velocity, is a constant vector. At this stage there is no need to assume a particular coordinate system nor that the scalar components of p are constant (as in the f-plane approximation). Vector ϭ (, , ) is a generic force vector (per unit of mass), left also undefined.
It is assumed that the SG flow conserves mass,
where is the mass density. Therefore the fluid may be compressible. The existence of a scalar quantity , later associated with some material invariant (specific entropy or potential temperature) is also assumed. From the basic equation of the generalized SG dynamics (1), mass conservation (2), and the existence of we derive below the equations for the rate of change of the vorticity-velocity gradient cofactor tensor ⌶ and the rate of change of the specific potential ⌶ .
b. The rate of change of the vorticity-velocity gradient cofactor tensor
1) RATE OF CHANGE OF THE VORTICITY
From the curl of (1) we obtain first the rate of change of the vorticity of ũ , denoted ϵ ١ ϫ ũ (appendix A):
The first, second, and last terms on the rhs above are the analogous divergence, twisting, and curl terms of the usual vorticity equation. The reason for writing the twisting term as ١u
, where superscript T means the transpose, instead of ( ϩ p ) · ١u will become apparent later.
The new term is ١ũϫ ١u. Given two tensors of second rank A ϭ A ij e i e j and B ϭ B mn e m e n (Gibbsian dyadic notation for tensors is used and summation convention for repeated subindices is assumed) the crossdot product of tensors A and B is the vector Aϫ B ϵ A ij B mn ͑e i ϫ e m ͒͑e j · e n ͒ ϭ A ij B mj e i ϫ e j . ͑4͒
In Cartesian coordinates,
͑5͒
This term involves the cross products of the gradients of the components along equal directions. Clearly, Aϫ B ϭ ϪBϫ A, so that Aϫ A ϭ 0. Thus, when ũ ϭ u we have ١ũϫ ١u ϭ 0, ϭ ϭ ١ ϫ u, ϩ p is the absolute vorticity, and (3) reduces to the usual vorticity equation.
2) RATE OF CHANGE OF THE COFACTOR TENSOR ١ũ
The cofactor tensor A is defined so that
, where I is the identity tensor I ϭ ii ϩ jj ϩ kk. Coordinate expressions for the cofactor of the gradient of a vector are given in appendix B. The rate of change of the cofactor of ١ũ is obtained from (1),
The proof of this expression, and of other tensor identities involving cofactors, is postponed to the next section. The first and second terms in the rhs are the divergence and tilting cofactor terms similar to those in the vorticity equation (3). The third and fourth terms include the dependence with the planetary vorticity p . The third term, Ϫ١ũϫ ١u p , is identical to the tensor product of the third term in the vorticity Eq. (3) with p , but with the opposite sign. In the fourth term, we have introduced ⌫ , the skew-symmetric tensor associated to the vector ٌ␥ , where
Thus ⌫ · a ϭ ٌ␥ ϫ a, which implies that the fourth term in (6) may be written also as
The last term in (6) expresses the dependence with the forcing , and in Cartesian coordinates (appendix C) is
where the comma-subindex notation indicates the partial derivative ( ,1 , ,2 , ,3 ) ϭ ( ,x , ,y , ,z ) ϭ ‫,‪x‬ץ/ץ(‬ ‫,‪y‬ץ/ץ‬ ‫.)‪z‬ץ/ץ‬ This term involves the cross products of the gradients of the components of and ũ along different directions. Using the identity
for any vector a, the terms involving p in (6) may be combined into
Therefore, (6) may be also expressed as
3) RATE OF CHANGE OF THE VORTICITY-VELOCITY GRADIENT COFACTOR TENSOR ⌶
The vorticity-velocity gradient cofactor tensor is defined as
Taking the tensor product of (3) with p and then adding it to (6), the term ١ũϫ ١u p in both equations cancel. This results in the equation for the rate of change of ⌶ ,
where the forcing tensor
4) RATE OF CHANGE OF THE SPECIFIC POTENTIAL ⌶ :Υ
Let the specific potential ⌶ (i.e., the specific potential vorticity-velocity gradient cofactor) be defined as the vector
where ␣ ϵ Ϫ1 is the specific volume so that Υ is an specific quantity (per unit of mass). The potential ⌶ density, that is, ⌶ per unit of volume, may be defined asΥ ϵ ٌ · ⌶ . The name potential is justified since Υ can be defined in a more general form as a tensor if three, instead of only one, material invariants X ϭ (X, Y, Z ) are assumed to exist. In this case we may use X as the material coordinates so that the tensor J١X · ⌶ , with J Ϫ1 ϭ det(١X) satisfying J ϭ J١ · u, is a Piola transformation (see, e.g., Šilhavý 1997, p. 62) . The tensor J١X · ⌶ , if materially conserved, represents the value of ⌶ per unit of material volume, in the reference (e.g., initial) configuration. This three-dimensional generalization is identical to the case of PV (Viúdez 2001) and is not repeated here.
Using the identity for the rate of change of ١,
and the mass conservation (2) in terms of ␣,
the rate of change of ϒ is
Except for the use of the conservation of mass, Eq. (19) is a general mathematical identity since the vectors ũ and and the scalar have not been defined. It is therefore independent of the SG assumptions, that is, independent of the definition of ũ as the geostrophic velocity and independent of the hydrostatic and f-plane approximations. An analogous result can be obtained if instead of the cofactor ١u the transpose cofactor (or adjoint) ١u T is used (appendix D).
Because of the identity ١ · ١a ϭ 0 for any vector a, the potential ⌶ density may be also expressed in divergence form as
This implies that the rate of change of Υ (19) may be also expressed in different but equivalent forms using the divergence of tensors. This property is also common to the rate of change of PV [Viúdez 1999 , his Eq. (23)].
In the next section we adopt the SG assumptions and show that these assumptions imply the conservation of the vertical component of Υ in the SG flow.
c. The rate of change of the vertical component of the geostrophic specific potential vorticityvelocity gradient cofactor tensor in the f-plane SG theory
The f-plane hydrostatic SG theory assumes that
Equation (21) introduces the pressure gradient term, where ␣ 0 ϵ Ϫ1 0 is a constant specific volume, and gk is the acceleration due to gravity. In the f-plane geometry in Cartesian coordinates we adopt relation (22) where f 0 is the constant Coriolis parameter, and the northward planetary vorticity p is ignored. Equations (23) and (24) are the definitions of the horizontal and vertical components of the geostrophic velocity, respectively. The vertical component of the dynamical equation (1) is therefore the hydrostatic relation. The symbols for density and constant specific volume ␣ 0 are used instead of potential temperature to make these results valid also in oceanic applications. Finally, (25) assumes that (the specific entropy, the potential temperature, or the density depending on the atmospheric or oceanic application) is materially conserved.
The conditions (21)-(25) above imply that
Equation (26) expresses the vertical component of the cofactor of the geostrophic velocity gradient in terms of the three-dimensional gradients of the horizontal geostrophic components (Viúdez and Dritschel 2004) , which is equivalent (appendix B) to the original form (Hoskins 1975 ) in terms of Jacobians:
Expression (27) is the geostrophic vorticity in Cartesian coordinates, and (28) states that, in the SG theory, the geostrophic vorticity-velocity gradient cofactor tensor has only one vertical vector component, denoted here as g . Finally, (29) states that, in the SG theory, the geostrophic vector ϒ g has only one scalar component,
The SG conditions (21)- (25) imply also that the ١ component of the forcing tensor F (15) is null since
Equation (30) is a consequence of the f-plane approximation and the horizontal nature of the geostrophic velocity. Result (31) is due to the definition of geostrophic velocity as the rotation of the horizontal pressure gradient, and (32) is due to the solenoidal property of the pressure gradient term and to the fact that is equal or proportional to [or that ϭ f()]. Therefore the vertical component of the specific potential geostrophic vorticity-velocity gradient cofactor,
is conserved under the SG assumptions,
which is the scalar conservation equation of the SG flow (the SG PV equation).
Tensor derivations of (6) and (14): The use of geostrophic coordinates
This section provides a direct-tensor derivation of (6) and an alternative proof of (14). First, we supply some mathematical identities related to the rate of change of the gradient cofactor tensor.
a. Mathematical identities related to the rate of change of the gradient cofactor tensor
For any vector û , and using property (C4), the relation between the rates of change of ١û and ١û follows,
The first term in the rhs above is decomposed using the identify that commutes operators d/dt and ١,
The following decomposition for a second rank tensor A,
and the identity (appendix C)
imply that
and the identity relating the rate of change of the cofactor of ١û with the gradient of the rate of change of û follows from (35):
This identity is used in the next two subsections for particular choices of û .
b. Derivation of (6)
The rate of change of ١ũ may be first obtained setting
so that the equation of motion is Eq. (12) , and hence (6), follows directly from (41).
c. An alternative derivation of (14)
Here we set
so that the equation of motion is
û˙ϭ . ͑45͒
Above, r is the position vector of the fluid particle in the SG flow: ṙ ϭ u. The gradient of û is
where W p is the skew-symmetric tensor associated with the planetary vorticity vector p ,
so that, for any vector a,
Above e i ∧ e j ϭ e i e j Ϫ e j e i is the outer (exterior) product of vectors e i and e j . The relation between the cofactors of ١û and ١ũ may be obtained from relation (C1) and
The term ١ũ ϫ ϫ W p above is decomposed using the identity
͑51͒
From the identity (41) it follows that
The rate of change of ⌫ is obtained using
which yields d⌫ dt
͑54͒
where the term ١ (
represents the skew-symmetric tensor associated to the vector ١( · p ). Using the identity (85) (see appendix E) it follows that the first term on the rhs of (54) where the geostrophic vorticity g ϭ ١ ϫ u g h , the cofactor
The nonzero terms of the above expression are contained in the vector
The vertical component of the equation above is usually written in Cartesian components as
that is, in terms of the Jacobian J xy {x g , y g } of the geostrophic coordinates (x g , y g
).
Concluding remarks
This paper has introduced a new derivation and interpretation of the generalized SG material invariant in the theory of geophysical flows. The SG invariant is interpreted as the scalar vertical component of the specific potential vorticity-velocity gradient cofactor tensor. Under the SG assumptions (advection of the geostrophic velocity, hydrostatic, and f-plane approximations) this vertical component is materially conserved in the SG flow. The generalized SG invariant differs conceptually from the Beltrami-Rossby-Ertel specific potential vorticity.
The results obtained here address some of the questions recently collected by White (2002, section 9.4) relative to the SG theory, namely, "Can a version of SG having a more satisfactory definition of SG [where SG 
Ϫ1 0 g · k in the notation used here] be derived?" (McIntyre and Roulstone 2002) , and "Can SG be extended to the case of variable Coriolis parameter?" (Shutts 1980; Magnusdottir and Schubert 1991) . In particular, the cancellation of the term ١ũϫ ١u p in the derivation of the rate of change of the specific potential ⌶ , involves a whole tensor quantity and is therefore independent of the coordinate system. Thus, this cancellation takes place also in spherical coordinates and includes the beta term, or variable Coriolis parameter, since the beta term in the vorticity equation is the term involving the northward component of the planetary vorticity p (Viúdez 2003) . However, this is not the case of the source term involving the planetary vorticity in the equation for the rate of change of Υ , that is, ␣ٌ · ١(ũ · p ) ϫ ١u. This term becomes zero because the northward planetary vorticity is neglected in the f-plane approximation, and the SG dynamics advects the horizontal geostrophic velocity, so that u g · p ϭ 0. This is not, in general, the case in spherical geometry or for three-dimensional flows ũ . Thus, the material conservation of the SG invariant seems to be highly dependent on the SG assumptions, especially on the f-plane approximation and on the horizontal nature of the geostrophic velocity.
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APPENDIX A
Derivation of (3)
Equation (3) may be derived in Cartesian components. The e i component of the curl of the identity dũ /dt ϭũ may be expressed as
where the Jacobians (J 1 , J 2 , J 3 ) ϵ (J yz , J zx , J xy ), and J xy {ũ , u} ϵ ũ ,x · u ,y Ϫ ũ ,y · ũ ,x , etc. Since ١ũ˙ϫ ١u ϭ J i ͕ũ , u͖e i ,
͑A2͒
and using the identity
Equation (3) 
